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Abstract 

Constant-dimension codes (CDCs) have been investigated for noncoherent error correction in random 
network coding. The maximum cardinality of CDCs with given minimum distance and how to construct 
optimal CDCs are both open problems, although CDCs obtained by lifting Gabidulin codes, referred 
to as KK codes, are nearly optimal. In this paper, we first construct a new class of CDCs based on 
KK codes, referred to as augmented KK codes, whose cardinalities are greater than previously proposed 
CDCs. We then propose a low-complexity decoding algorithm for our augmented KK codes using that 
for KK codes. Our decoding algorithm corrects more errors than a bounded subspace distance decoder 
by taking advantage of the structure of our augmented KK codes. In the rest of the paper we investigate 
the covering properties of CDCs. We first derive bounds on the minimum cardinality of a CDC with a 
given covering radius and then determine the asymptotic behavior of this quantity. Moreover, we show 
that liftings of rank metric codes have the highest possible covering radius, and hence liftings of rank 
metric codes are not optimal packing CDCs. Finally, we construct good covering CDCs by permuting 
liftings of rank metric codes. 



I. Introduction 

While random network coding [l]-[3] has proved to be a powerful tool for disseminating information 
in networks, it is highly susceptible to errors caused by various sources. Thus, error control for random 
network coding is critical and has received growing attention recently. Error control schemes proposed 
for random network coding assume two types of ttansmission models: some (see, for example, [4]- 
[9]) depend on and take advantage of the underlying network topology or the particular linear network 
coding operations performed at various network nodes; others [10], [11] assume that the transmitter 
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and receiver have no knowledge of such channel transfer characteristics. The contrast is similar to that 
between coherent and noncoherent communication systems. Data transmission in noncoherent random 
network coding can be viewed as sending subspaces through an operator channel [10]. Error correction 
in noncoherent random network coding can hence be treated as a coding problem where codewords 
are linear subspaces and codes are subsets of the projective space of a vector space over a finite field. 
Similar to codes defined over complex Grassmannians for noncoherent multiple-antenna channels, codes 
defined in Grassmannians associated with the vector space play a significant role in error control for 
noncoherent random network coding; Such codes are referred to as constant-dimension codes (CDCs) 
[10]. In addition to the subspace metric defined in [10], an injection metric was defined for subspace 
codes over adversarial channels in [12]. 

Construction of CDCs has received growing attention in the literature recently. In [10], a Singleton 
bound for CDCs and a family of codes were proposed, which are nearly Singleton-bound-achieving and 
referred to as KK codes henceforth. A multi-step construction of CDCs was proposed in [13], and we call 
these codes Skachek codes; Skachek codes have larger cardinalities than KK codes in some scenarios, 
and reduce to KK codes otherwise. Further constructions for small parameter values were given in [14] 
and the Johnson bound for CDCs was derived in [15]. Although the CDCs in [15] are optimal in the 
sense of the Johnson bound, they exist in some special cases only. Despite these previous works, the 
maximum cardinality of a CDC with a given minimum distance and how to construct optimal CDCs 
remain open problems. 

Although the packing properties of CDCs were investigated in [10], [13]— [15], the covering properties 
of CDCs have received little attention in the literature. Covering properties are significant for error control 
codes, and the covering radius is a basic geometric parameter of a code [16]. For instance, the covering 
radius can be viewed as a measure of performance: if the minimum distance decoding is used, then the 
covering radius is the maximum weight of a correctable error vector [17]; if the code is used for data 
compression, then the covering radius is a measure of the maximum distortion [17]. The covering radius 
is also crucial for code design: if the covering radius is no less than the minimum distance of a code, 
then there exists a supercode with the same minimum distance and greater cardinality. 

This paper has two main contributions. First, we introduce a new class of CDCs, referred to as 
augmented KK codes. The cardinalities of our augmented KK codes are always greater than those of KK 
codes, and in most cases the cardinalities of our augmented KK code are greater than those of Skachek 
codes. Thus our augmented KK codes represent a step toward solving the open problem (construction 
of optimal CDCs) mentioned above. Furthermore, we propose an efficient decoding algorithm for our 
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augmented KK codes using the bounded subspace distance decoding algorithm in [10]. Our decoding 
algorithm corrects more errors than a bounded subspace distance decoder. Second, we investigate the 
covering properties of CDCs. We first derive some key geometric results for Grassmannians. Using these 
results, we derive upper and lower bounds on the minimum cardinality of a CDC with a given covering 
radius. Since these bounds are asymptotically tight, we also determine the asymptotic behavior of the 
minimum cardinality of a CDC with a given covering radius. Although liftings of rank metric codes can 
be used to construct packing CDCs that are optimal up to a scalar (see, for example, those in [10]), we 
show that all liftings of rank metric codes have the greatest covering radius possible; our result further 
implies that liftings of rank metric codes are not optimal packing CDCs. We also construct good covering 
CDCs by permuting liftings of rank metric codes. 

The rest of the paper is organized as follows. To be self-contained, Section [II] reviews some necessary 
background. In Section [Till we present our augmented KK codes and a decoding algorithm for these 
codes. In Section UV] we investigate the covering properties of CDCs. 

II. Preliminaries 

A. Subspace codes 

We refer to the set of all subspaces of GF(q) n with dimension r as the Grassmannian of dimension r and 
denote it as E r (q,n); we refer to E(q,n) = |J" =0 E r (q, n) as the projective space. For U, V £ E(q,n), 
both the subspace metric [10, (3)] 

f 

d s (U, V) = dim(Z7 + V) - dim(C/ n V) = 2 dim(Z7 + V) - dim(tf) - dim(V) (1) 

and injection metric [12, Def. 1] 

d,(U, V) = ^d s (U, V) + -|dim(77) - dim(V)| = dim(C7 + V) - min{dim(C7), dim(y)} (2) 

are metrics over E{q,n). A subspace code is a nonempty subset of E(q,n). The minimum subspace 
(respectively, injection) distance of a subspace code is the minimum subspace (respectively, injection) 
distance over all pairs of distinct codewords. 

B. CDCs and rank metric codes 

The Grassmannian E r (q, n) endowed with both the subspace and injection metrics forms an association 
scheme [10], [18]. For all U, V € E r (q,n), d s (U,V) = 2d 1 (U,V) and the injection distance provides a 
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natural distance spectrum, i.e., < d^U, V) < r. We have \E r (q,n)\ = [™], where ["] = Y\ r i= Q is 
the Gaussian polynomial [19], which satisfies 

for all < r < n, where K q = n^=i(l ~~ 1^) t^O]. We denote the number of subspaces in E r (q, n) at 
distance d from a given subspace as N c (d) = q d2 [^] [ n ~^ r ] [10], and denote a ball in E r (q,n) of radius 
t around a subspace U and its volume as B t {U) and V c {t) = Y2d=o Nc(d), respectively. 

A subset of E r (q,n) is called a constant-dimension code (CDC). A CDC is thus a subspace code 
whose codewords have the same dimension. We denote the maximum cardinality of a CDC in E r (q,n) 
with minimum distance d as A c (q, n, r, d). Constructions of CDCs and bounds on A c (q, n, r, d) have been 
given in [10], [13]-[15], [21]. In particular, A c (q,n,r,l) = [™] and it is shown [13], [15] for r < [fj 
and 2 < d < r, 

n(r-d+l) _ ( r +J)(r-«*fl) [ " 1 

" _ I ^ Ml,n,r,d) < (4) 

where I = n mod r. We denote the lower bound on A c (q, n, r, d) in (01) as L(q, n, r, d). Since the lower 
bound is due to the class of codes proposed by Skachek [13], we refer to these codes as Skachek codes. 

CDCs are closely related to rank metric codes [22]-[24], which can be viewed as sets of matrices 
in GF(g) mxn . The rank distance between two matrices C,D £ GF(q) mxn is defined as 4(C,D) = 
rk(C — D). The maximum cardinality of a rank metric code in GF(q) mxn with minimum distance d 
is given by mm{q m( - n ~ d+1 \ g«( m -d+ 1 )} an d codes that achieve this cardinality are referred to as MRD 
codes. In this paper, we shall only consider MRD codes that are either introduced independently in 
[22]-[24] for n < m, or their transpose codes for n > m. The number of matrices in GF(g) mxn with 
rank d is denoted as N R (q, m, n, d) = [J] Ilto (9 m — 9*)' an( ^ tne volume of a ball with rank radius t in 
GF(q) mxn as V R (q, m, n, t) = 2~^d=o -^r(<7> m > n i d). The minimum cardinality K R (q m ,n, p) of a code in 
GF(q) mxn with rank covering radius p is studied in [25], [26] and satisfies K R (q m , n, p) = K R (q n , m, p) 
[25]. 

CDCs are related to rank metric codes through the lifting operation [11]. Denoting the row space of a 
matrix M as R(M), the lifting of C G GF(g) rx ( n " r ) is defined as /(C) = R(l r \C) G E r (q,n). For all 
C,D G GF(g) rx ( n ~ r ), we have d,(/(C),/(D)) = d R (C,D) [11]. A KK code in E r (q,n) with minimum 
injection distance d is the lifting /(C) C E r (q,n) of an MRD code C C GF(^) rx ( n - r ) with minimum 
rank distance d and cardinality min{i|l"" r " r "' i+1 ', gr(n-r-d+l)y_ efficient bounded subspace distance 
decoding algorithm for KK codes was also given in [10]. Although the algorithm was presented for r < ^, 
it can be easily generalized to all r. 



r(n-r) < 
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III. Construction of CDCs 

In this section, we construct a new class of CDCs which contain KK codes as proper subsets. Thus 
we call them augmented KK codes. We will show that the cardinalities of our augmented KK codes are 
always greater than those of KK codes, and that in most cases the cardinalities of our augmented KK 
code are greater than those of Skachek codes. Furthermore, we propose a low-complexity decoder for 
our augmented KK codes based on the bounded subspace distance decoder in [10]. Since dual CDCs 
preserve the distance, we assume r < ^ without loss of generality. 

A. Augmented KK codes 

Our augmented KK code is so named because it has a layered structure and the first layer is simply 
a KK code. We denote a KK code in E r (q,n) with minimum injection distance d (d < r by definition) 
and cardinality q ( n - r )( r - d + 1 ) as £°. For 1 < k < [ r 2 \, we first define two MRD codes C k and V k , 
and then construct £ k based on C k and V k . C k is an MRD code in GF(g)( r ~ fcd ) xfcd with minimum 
distance d for k < [^\ - 1 ([^J > |_aJ) and diJ = {0} C GF(q)( r -^\ d ) x l L «\ d ; V k is an 
MRD code in GF(g) rx ( n - r - M ) with minimum distance d for k < [^\ - 1 and pL^J = {0} C 
GF(q) rx ( n ~ r -l^\ d \ For 1 < k < [§J, the block lengths of C k and V k are at least d, and hence 
existence of MRD codes with the parameters mentioned above is trivial. For 1 < k < I(C k ) 
and I(V k ) are either trivial codes or KK codes with minimum injection distance d in Er^kdiq,'*") and 



the row space of 
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is simply £ = {j\.= Q £ k - In order to determine its minimum distance, we first establish two technical 
results. First, for any two matrices A € GF(q) axn , B £ GF(q) bxn , by £[) and ([2]) we can easily show 
that 

d s (R(A),R(B)) = 2rk(A T |B T ) - rk(A) - rk(B) > |rk(A) - rk(B)|, (5) 
d l (R(A),R(B)) = rk(A T |B T ) - min{rk(A), rk(B)} > |rk(A) -rk(B)|. (6) 

Second, we show that truncating the generator matrices of two subspaces in E(q, n) can only reduce the 
(subspace or injection) distance between them. 

Lemma 1: Suppose < m < n. Let A = (Ai|A 2 ) G GF(q) axn , B = (Bi|B 2 ) E GF(q) bxn , where 
Ai € GF(q) axni and Bi € GF(q) bxn K Then for i = 1 and 2, d s (i?(Aj), R(Bi)) < d s (R(A) , R(B)) 
and d I ( J R(A i ), J R(Bi)) < ^(^(A), 12(B)). 



B k ) and £ k = {EI^Iq^ \ Our augmented KK code 
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Proof: It suffices to prove it for i = 1 and n\ = n — 1. We need to distinguish two cases, depending 
on rk(A^[B^). First, if rk(A^jB^) = rk(A T |B T ), then it is easily shown that rk(Ai) = rk(A) 
and rk(Bi) = rk(B), and hence d s (R(A x ), R(Bi)) = d s (R(A), R(B)) and d,(i?(Ai), R(B{)) = 
d I (R{A),R(B)) by © and ©, respectively. Second, ifrk(Af |Bf) = rk(A T |B T )-l, then d s (i?(Ai), i?(Bi)) = 
2rk(A r |B T ) - 2 - rk(Ai) - rk(B x ) < d s (R(A), R(B)) by © and d(i?(Ai), fl(Bi)) = rk(A T |B T ) - 
1 - min{rk(Ai), rk(Bi)} < d,(i?(A), R(B)) by ©. ■ 

Proposition 1: £ has minimum injection distance d. 

Proof: We show that any two codewords E\- , E c a b € £ are at injection distance at least d using 
Lemma Q] When c ^ k, let us assume c < k without loss of generality, and then di{Ef ■ , S° 6 ) > 
d^I^O), flCIr-od)) = (fc-c)d > d. When c = fc and a + i, then d^E^E^) > <k(I(Cf), J(C*)) > 
d. When c = k, a = i, and 6 7^ j, then d^-, £j 6 ) > <4(J(Dj), I(D£)) > d. ■ 

Let us first determine the cardinality of our augmented KK codes. By construction, £ has cardinality 
\£\ = q (n-r)(r-d+i) +£\L|J where |C^J | = 1 and |C fc | = m i n { g (»--*<0(fcd-rf+l) ) 9 *;d(r-fcd-d+l)j 

for 1 < jfe < [_§J - 1 and [pL^J | = 1 and 

|£> fc = m i n {^(™-r-fcrf-d+l) ig (n-r-fcc()(r-d+l)| for 1 < jfc < ^"^ij _ 1. 

Let us compare the cardinality of our augmented KK codes to those of KK and Skachek codes. Note 
that all three codes are CDCs with minimum injection distance d in E r (q, re). First, it is easily shown that 
our augmented KK codes properly contain KK codes for all parameter values. This is a clear distinction 
from Skachek codes with cardinality L(q, re, r, d), which by © reduce to KK codes for 3r > re. In order to 
compare our codes to Skachek codes when 3r < n, we first remark that © and © lead to L(q, re, r, d) — 

q (n~r)(r-d+l) < R -l q (n~2r)(r-d+l) _ W£ haye |£| > q (n-r){r-d+l) + ^{^l > q (n-r)(r-d+l) + 

q(n-r-d)(r-d+l)_ Hence |£| _ q {n-r)(r-d+l) > K q q^- d ^ r - d+l \L{q,n,r,d) - q (n~r)(r-d+l)^ and Qur 
augmented KK codes have a greater cardinality than Skachek codes when d < r. We emphasize that for 
CDCs of dimension r, their minimum injection distance d satisfies d < r. A Skachek code is constructed 
in multiple steps, and in the i-th step (i > 1), subspaces that correspond to a KK code in E r (q,n — ir) 
are added to the code. When d = r, £ is actually the code obtained after the first step. 

B. Decoding of augmented KK codes 

Let A = (A |A 3 ) e GF(g) axn be the received matrix, where A € GF(g) axr and A 3 G GF(g) ax ( n ~ r ). 
We propose a decoding algorithm that either produces the unique codeword in £ closest to R(A) in the 
subspace metric or returns a failure. Suppose the minimum subspace distance of our augmented KK 
codes is denoted as 2d, a bounded distance decoder would find the codeword that is closest to R(A) 
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up to subspace distance d — 1. Our decoding algorithm always returns the correct codeword if it is at 
subspace distance at most d — 1 from the received subspace, thus correcting more errors than a bounded 
subspace distance decoder. 

Given the layered structure of £ , our decoding algorithm for £ is based on a decoding algorithm for 
£ k , shown below in Algorithm [T] for any k. We denote the codewords in £ as ■ for < j < \£°\ — 1. 

Algorithm 1: EBDD(/c,A). 
Input: k and A = (Ai|A 2 |A 3 ) G GF(g) axn , Aj G GF(g) ax ( r ~ fcd ), A 2 G GF(g) axfcd , A 3 G GF(g) ax ( n " r ) 
Output: (^.,4,/fe). 

[TJl If = 0, use the decoder for £° to obtain E§ •, calculate (ifc = d s (R(A), Eq j), and return 

(£q j, d k , 0). If the decoder returns a failure, return (7(0), <i, 0). 
[T]2 Use the decoder of I(C k ) on (A1IA2) to obtain C k . If the decoder returns a failure, set = 0, 

= and return (Efpd, 0). 
[23 Use the decoder of I(V k ) on (A1IA3) to obtain D^. If the decoder returns a failure, set = 

and return (E k j,d, 0). 

[U4 Calculate d k = d s {R(A), E^) and f k = 2d-max{d s ( J R(A 1 |A 2 ),I(Cf)),d s (i?(A 1 |A 3 ),I(Df))} 
and return {E* p d k , f k ). 

Algorithm Q] is based on the bounded distance decoder proposed in [10]. When k = 0, £° is simply a 
KK code, and the algorithm in [10] is used directly; when k > 1, given the structure of £ k , two decoding 
attempts are made based on (Ai|A 2 ) and (A1IA3), and both are based on the decoding algorithm in 
[10]. 

We remark that Algorithm Q] always return (Efj,d k , f k ). If a unique nearest codeword in £ k at distance 
no more than d — 1 from R( A) exists, then by Lemma Q] Steps II 121 and IXI3I succeed and Algorithm Q] 
returns the unique nearest codeword in E k -. However, when such unique codeword in £ k at distance no 
more than d — 1 does not exist, the return value f k can be used to find the unique nearest codeword 
because f k is a lower bound on the distance from the received subspace to any other codeword in £ k . 
Also, when f k = 0, Algorithm [2] below always returns a failure. Thus, we call Algorithm [T] an enhanced 
bounded distance decoder. 

Lemma 2: Suppose the output of EBDD(/c, A) is (E k j,d k ,f k ), then d s (R(A),E k v ) > f k for any 
E k ^ v G £ k provided (u,v) / 

Proof: The case f k = is trivial, and it suffices to consider f k = mm{2d— d s (i?(Ai|A 2 ), I(C k )), 2d— 
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d s (-R(Ai|A 3 ), J(Dj))}. When u^i, Lemma Q] yields 

d s (R(A),Et >v ) > d s (i?(A 1 |A 2 ),/(C^)) 

> d s (/(Cf),I(C^))-d s ( J R(A 1 |A 2 ),/(C l fc )) 

> 2d-d s (i?(A 1 |A 2 ),/(C i fc )) >f k . 

Similarly, when v + j, we obtain d s (R(A),E^ v ) >2d- d s (R(A 1 | A 3 ), I(D k )) > ■ 

The algorithm for £ thus follows. 

Algorithm 2: Decoder for £ . 
Input: A = (A |A 3 ) G GF(g) axn , A G GF(g) axr , A 3 G GF(g) ax ( n ~ r ). 
Output: Either a failure or the unique nearest codeword in £ from R(A). 
|2]l If rk(A) < r — d+ 1, return a failure. 

02 Calculate r - rk(A ) = Id + m where < / < and < m < d. 

03 Call EBDD(Z, A) to obtain (Jgjj d { , /,). If d; < d - 1, return .. 

04 If m = 0, return a failure. Otherwise, call EBDD(7 + 1, A) to obtain (Eg 1 , / m ). If < 
d - 1, return E^ 1 . 

05 If d ; < min{d + m,/i,d{ + i,/ i+ i,2d-m}, return E^-. If d/+i < min{d + m,dz, fi,fi+i, 2d-m}, 
return E 1 ^ 1 . 

06 Return a failure. 

Proposition 2: If the received subspace is at subspace distance at most d — 1 from a codeword in £, 
then Algorithm returns this codeword. Otherwise, Algorithm returns either a failure or the unique 
codeword closest to the received subspace in the subspace metric. 

Proof: We first show that Algorithm returns the unique nearest codeword in £ to the received 
subspace if it is at subspace distance at most d — 1. For all 1 < k < [~J and E k v G £ k , Lemma [Hand 
© yield 

d s (R(A),E* >v ) >d s (i?(A ),I(C£)) > |r-fcd-rk(A )| = \(l-k)d + m\. (7) 

Similarly © yields d s (R(A), E% ) > Id + m for any v. Hence d s (R(A), £ k ) > d for k < I - 1 or 
fc > Z + 2. Therefore, the unique nearest codeword is either in £ 1 or £ l+1 and applying Algorithm Q] for 
£ l and always returns the nearest codeword. 

We now show that when the distance from the received subspace to the code is at least d, Algorithm 
either produces the unique nearest codeword or returns a failure. First, by (0), d s (R(A),£ 1 ^ 1 ) = d + m 
and d s {R(A),£ l+2 ) = 2d - m, while d s {R(A),£ k ) > 2d for k < I - 2 or k > I + 3. Also, by Lemma 
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H d s {R(A),E l ^ v ) > fi for all (u,v) + (ij) and d s (R(A), £ l+1 ) > mm{d l+1 , f l+1 }. Therefore, if 
di < mm{d + m, fi,di + i, fi + i,2d — m}, then E\ ■ is the unique codeword closest to R(A). Similarly, if 
di + i < mm{d + m,di, fi, fi+\, 2d — m}, then E l s + t l is the unique codeword closest to R(A). ■ 
We note that when rk(A) < r - d + 1, by © Steps [Q2] and [U3] would both fail, and Algorithm |2] 
will return a failure. We also justify why Algorithm [2] returns a failure if di > d and m = in Step 12131 
Suppose di > d and m = and we apply Algorithm Q] for £ l+1 . Then we have d\ > d + m and by <[Vj) 
di+i > |d — m| = d + m. Therefore, neither inequality in Step 12151 is satisfied and the decoder returns a 
failure. 

By Proposition |2l Algorithm |2] decodes beyond the half distance. However, the decoding radius of 
Algorithm [2] is limited. It is easy to see that the decoding radius of Algorithm [2] is at most d+ |_|J due 
to the terms d + m and 2d — m in the inequalities in Step |2|5i We emphasize that this is just an upper 
bound, and its tightness is unknown. Suppose r — rk(Ao) = ld + m, when Algorithm |2] decodes beyond 
half distance, it is necessary that fi and fi + \ be both nonzero in Step 12151 This implies that the row space 
of (A1IA2) is at subspace distance no more than d - 1 from I{C l ) and I(C l+1 ) and that the row spaces 
of (Ai| A3) are at subspace distance no more than d — 1 from I{T> 1 ) and I(V l+1 ). 

We note that the inequalities in Step 12151 are strict in order to ensure that the output of the decoder is 
the unique nearest codeword from the received subspace. However, if one of the nearest codewords is 
an acceptable outcome, then equality can be included in the inequalities in Step 12151 

Our decoding algorithm can be readily simplified in order to obtain a bounded subspace distance 
decoder, by removing Step 12151 We emphasize that the general decoding algorithm has the same order 
of complexity as this simplified bounded subspace distance decoding algorithm. 

Finally, we note that the decoding algorithms and discussions above consider the subspace metric. It is 
also remarkable that our decoder remains the same if the injection metric is used instead. We formalize 
this by the following proposition. 

Proposition 3: If the received subspace is at injection distance at most d — 1 from a codeword in £, 
then Algorithm [2] returns this codeword. Otherwise, Algorithm [2] returns either a failure or the unique 
codeword closest to the received subspace in the injection metric. 

The proof of Proposition [3] is based on the observation that a codeword in a CDC is closest to the 
received subspace in the subspace metric if and only if the codeword is closest to the received subspace 
in the injection metric by (O, and is hence omitted. 

The complexity of the bounded subspace distance decoder in [10] for a KK code in E(q, n) is on the 
order of 0(n 2 ) operations over GF(q) n ~ r for r < |, which is hence the complexity of decoding £°. 
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This algorithm can be easily generalized to include the case where r > \, and we obtain a complexity on 
the order of 0(n 2 ) operations over GF(q ma,x ^ r ' n ~ r ^). Thus the complexity of decoding I(C k ) and I(V k ) 
for k > 1 is on the order of 0(r 2 ) operations over G~F(q ma - x i kd ' r ~ kd }) and 0((n — kd) 2 ) operations over 
Q-p^max{r,n-fcd-r}^ reS p ec ti V ely. The complexity of the decoding algorithm for £ k is on the order of 
the maximum of these two quantities. It is easily shown that the complexity is maximized for k = 0, 
that is, our decoding algorithm has the same order of complexity as the algorithm for the KK code £ °. 

IV. Covering properties of CDCs 

The packing properties of CDCs have been studied in [10], [13]— [15], [21] and an asymptotic packing 
rate of CDCs was defined and determined in [10]. Henceforth in this section, we focus on the covering 
properties of CDCs in the Grassmannian instead. We emphasize that since d s (U, V) = 2d 1 (U, V) for all 
U, V G E r (q,n), we consider only the injection distance in this section. Furthermore, since di(U,V) = 
d^JJ- 1 , V ) for all U, V € E r (q,n), without loss of generality we assume that r < [^J in this section. 

A. Properties of balls in the Grassmannian 

We first investigate the properties of balls in the Grassmannian E r (q,n), which will be instrumental 
in our study of covering properties of CDCs. First, we derive bounds on the volume of balls in E r (q, n). 

Lemma 3: For all q, n, r < [§J, and < t < r, q t{ - n -^ < V c {t) < K~ 2 q t ( n ~ t \ 

Proof: First, we have V c (t) > N c (t) > g*( n ~*) by ©. Also, N c (d) < K" 1 7V R (g,n - r,r,d), and 
hence V c (t) < K^V^q, n-r,r,t) < i^V^ as V R (q, n-r,r,t) < K^q^ 71 '^ [20, Lemma 9]. ■ 

We now determine the volume of the intersection of two spheres of radii u and s respectively and 
distance d between their centers, which is referred to as the intersection number J c (u,s,d) of the 
association scheme [27]. The intersection number is an important parameter of an association scheme. 

Lemma 4: For all u, s, and d between and r, 

1 r 

J c (u,s,d) = J2niE u (i)E s (i)E d (i), 
lr\ iy c{a) . =0 

where \i{ = ["] — ^"J and Ej(i) is a g-Eberlein polynomial [28]: 

£i«=£(-irY i+ ^') 

1=0 

Although Lemma |4j is obtained by a direct application of Theorems 3.5 and 3.6 in [29, Chapter II], 
we present it formally here since it is a fundamental geometric property of the Grassmannian and is very 
instrumental in our study of CDCs. We also obtain a recursion formula for J c (u, s, d). 



r-l 
r-j 



r — I 
i 



11 



r + I 
I 
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Lemma 5: J c (u,s,d) satisfies the following recursion: J c (0, s, d) = 5 S: d, Jc(u,0,d) = 5 Ut d, and 

Cu+i J c (u+ 1, s, d) = b s -i J c (u, s-l,d) + (a s - a u )J c (u, s, d) +c s+1 J c (u, s + 1, d) - b u ^ x J c (u - 1, s, d), 

where Cj = J c (l,j - = gf, b, = J c (l,j + = q 2 ^[ r ^] ["T']' and = MhjJ) = 
N c (l) - bj - cj for < j < r. 

The proof follows directly from [27, Lemma 4.1.7], [27, Theorem 9.3.3], and [27, Chapter 4, (la)], and 
hence is omitted. Let I c (u,s,d) denote the intersection of two balls in E r (q,n) with radii u and s and 
distance d between their centers. Since I c (u,s,d) = Y^t=oYlj=oJc(hj,d), Lemma @] also leads to an 
analytical expression for I c (u,s,d). Proposition [4] below shows that I c (u,s,d) decreases as d increases. 

Proposition 4: For all u and s, I c (u,s,d) is a non-increasing function of d. 

The proof of Proposition [4] is given in Appendix |A] Therefore, the minimum nonzero intersection 
between two balls with radii u and s in E r (q,n) is given by I c (u,s,u + s) = J c (u,s,u + s) for 
u + s < r. By Lemma |5J it is easily shown that J c {u, s, u + s) = [ u ^ s ] 2 for all u and s when u + s < r. 

We derive below an upper bound on the union of balls in E r (q,n) with the same radius. 

Lemma 6: The volume of the union of any K balls in E r (q, n) with radius p is at most 

B C (K, p) = KV c {p) - J2iMl, n,r,r-a+l)- A c (q, n,r,r-a + 2)]I c (p, p, r - a + 1) 

a=l 

-\K- A c (q, n,r,r-l + l)]/ c (p, p, r - I), (8) 

where / = max{a : K > A c (q, n,r,r — a + 1)}. 

Proof: Let {U^f^ 1 denote the centers of K balls with radius p and let Vj = {Ui}{~Q for 1 < 
j < K. Without loss of generality, we assume that the centers are labeled such that d^Uj^Vj) is non- 
increasing for j > 1. For 1 < a < I and A c (q,n,r,r — a + 2) < j < A c (q,n,r,r — a + 1), we have 
d^Uj, Vj) = d^Vj+i) < r — a+ 1. By Proposition 01 Uj hence covers at most V c (p) — I c (p, p, r — a + 1) 
subspaces that are not previously covered by balls centered at Vj. ■ 
We remark that using any upper bound on A c (q,n,r,r — a + 1) in the proof of Lemma [6] leads to 
a valid upper bound on B c (K,p). Hence, although the value of A c (q,n,r,r — a + 1) is unknown in 
general, the upper bound in (0]) can be used in (H) in order to obtain an upper bound on the volume of 
the union on balls in the Grassmannian. 

B. Covering CDCs 

The covering radius of a CDC C C E T (q,n) is defined as p = max. u< z Er ^ q n - ) di(U,C). We denote the 
minimum cardinality of a CDC in E r (q,n) with covering radius p as K c (q,n,r, p). Since K c (q,n,n — 
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r, p) = K c (q,n,r, p), we assume r < [S]. Also, K c (q,n,r,0) = rl and K c (q,n,r,r) = 1, hence we 
assume < p < r henceforth. We first derive lower bounds on K c (q,n,r, p). 

Lemma 7: For all q, n, r < [|J , and < p < r, -fT c (<7, n, r, p) > min {if : i? c (-K, p) > ["] } > vfc^y ■ 
Proof: Let C be a CDC with cardinality K c (q, n, r, p) and covering radius p. Then the balls around 
the codewords cover the ["] subspaces in E r (q,n); however, by Lemma |6l they cannot cover more than 
B c (\C\,p) subspaces. Therefore, B c (K c (q,n,r, p), p) > ["] and we obtain the first inequality. Since 
B C (K, p) < KV c (p) for all K, we obtain the second inequality. ■ 

The second lower bound in Lemma [7] is referred to as the sphere covering bound for CDCs. This 
bound can also be refined by considering the distance distribution of a covering code. 

Proposition 5: For < 5 < p, let Tg = min^^ =0 Ai(S), where the minimum is taken over all integer 
sequences {Ai(6)} which satisfy A^S) = for < % < 6 - 1, 1 < A s (5) < N c (6), < A^S) < N c (i) 
for 5 + 1 < i < r, and £T=o Ai(S) Es=o J S, s, i) > N C {1) for < / < r. Then K c (q,n,r,p) > 
max <5< P Tg. 

Proof: Let C be a CDC with covering radius p. For any U £ E r (q, n) at distance 5 from C, let 
denote the number of codewords at distance i from U. Then EI=o^(^) = 1^1 an ^ we easn y obtain 
Ai(5) = for < % < S - 1, 1 < A 5 (<5) < iV c ($), and < Aj(<T) < JV C (») for 5 + 1 < % < r. Also, for 
< I < r, all the subspaces at distance / from U are covered, hence EI=o ^i(^) Es=o ^c(^> s, i) > N c (l). 

m 

We remark that Proposition [5] is a tighter lower bound than the sphere covering bound. However, 
determining T$ is computationally infeasible for large parameter values. 

Another set of linear inequalities is obtained from the inner distribution {ai} of a covering code C, 
defined as a { = 4, £cec |{^> e C : d,(C, L>) = i}\ for < i < r [30]. 

Proposition 6: Let i = min^[ =0 aj, where the minimum is taken over all sequences {ai} satisfying 
a = 1, < Oi < iV c (») for 1 < i < r, Yf i=0 Oj £s=o J c (/, s,i) > iV c (Q for < / < r, and 
ELo °*l|§ > for < / < r. Then tf c ( g , n, r, p) > t. 

Proof: Let C be a CDC with covering radius p and inner distribution {ai}. Proposition [5] yields 
< a { < N c (i) for 1 < i < r, YJ i=0 a i Es=o J cG, s, i) > N c (l) for < / < r, while a = 1 follows the 
definition of a^. By the generalized Mac Williams inequalities [30, Theorem 3], E!=o a *^H*) — where 
Fi{i) = N ^.j Ei(l) are the q-numbers of the association scheme [30, (15)], which yields El=o a i Nc(i) — 
0. Since YH=o a i = l^| we obtain that \C\ >t. ■ 

Lower bounds on covering codes with the Hamming metric can be obtained through the concept of 
the excess of a code [31]. This concept being independent of the underlying metric, it was adapted to 
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the rank metric in [25]. We adapt it to the injection metric for CDCs below, thus obtaining the lower 
bound in Proposition [7J 

M def 

Proposition 7: For all q, n, r < [|J, and < p < r, K c (q,n,r, p) > Vc ^_l Nc ^ p y where e = 
^-j- c p+ i — b p , 5 = N c (l) — c p + 2e, and b p and c p+ \ are defined in Lemma |5] 

The proof of Proposition [7J is given in Appendix iBl We now derive upper bounds on K c (q,n,r, p). 
First, we investigate how to expand covering CDCs. 

Lemma 8: For all q, n, r < |_^J , and < p < r, K c (q, n, r, p) < K c (q, n — 1, r, p — 1) < [ n ~ p ] , and 
K c (q,n,r,p) < K c (q,n,r - l,p - 1) < [ r "J. 

The proof of Lemma [8] is given in Appendix [C] The next upper bound is a straightforward adaptation 
of [25, Proposition 12]. 

Proposition 8: For all q, n, r < [|J , and < p < r, K c (q, n,r,p) < jl - log p.] ( [™] - V c (p)) | + 

1. 

The proof of Proposition [8] is given in Appendix |Pl The next bound is a direct application of [16, 
Theorem 12.2.1]. 

Proposition 9: For all q, n, r < |_|J, and < p < r, K c (q,n,r, p) < {1 + lnV^(p)}. 

The bound in Proposition [9] can be refined by applying the greedy algorithm described in [32] to CDCs. 

Proposition 10: Let ko be the cardinality of an augmented KK code with minimum distance 2/9+1 
in E r (q,n) for 2p < r and k$ = 1 for 2p > r. Then for all k > ko, there exists a CDC with 
cardinality k which covers at least [™1 — Uk subspaces, where Uk == ["] — koV c (p) and Uk+i = ut — 
1 t '^ kVc<yp \ rr for all k > kn. Thus K r (q,n,r, p) < mini A; : uu = 0). 

The proof of Proposition [TO] is given in Appendix [EJ 

Using the bounds derived above, we finally determine the asymptotic behavior of K c (q,n,r, p). The 
rate of a covering CDC C C E r (q, n) is defined as log lc j^ . We remark that this rate is defined in a 
combinatorial sense: the rate describes how well a CDC covers the Grassmannian. We use the following 
normalized parameters: r' = ^, p' = and the asymptotic rate k c (r',p') = liminf^^oo log g^ c (|^j' r ' p ) _ 

Proposition 11: For all < p' < r' < \, k c (r',p') = 1 - 

Proof: The bounds on V c (p) in Lemma |3] together with the sphere covering bound yield K c (q, n, r, p) > 
j(2qr(n-r)-p(n-p) _ Tj s [ n g bounds on the Gaussian polynomial in Section Hl-B I we obtain k c (r',p') > 
1 ~ r'(i-rr Also ' Proposition pleads to K c (q,n,r,p) < K~ l q r{ - n ~ T }~ p ( n ~P } [l+\n(K~ 2 ) + pin — p) In q] , 
which asymptotically becomes k c (r',p') < 1 — frfe^T] ■ ■ 

The proof of Proposition ITTI indicates that K c (q,n,r, p) is on the order of q r ( n ~ r )~p( n ~p) . 
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We finish this section by studying the covering properties of liftings of rank metric codes. We first 
prove that they have maximum covering radius. 

Lemma 9: Let 1(C) C E r (q,n) be the lifting of a rank metric code in GF(g) rx ( n_r ). Then 1(C) has 
covering radius r. 

Proof: Let D G E r (q,n) be generated by (0|Di), where Di G GF(q) rx ( n ~ r ) has rank r. Then, 
for any codeword /(C) generated by (I r |C), it is easily seen that d^D, 1(C)) = d { (R(0), R(I r )) = r 
by Lemma [TJ ■ 

Lemma [9] is significant for the design of CDCs. It is shown in [10] that liftings of rank metric codes 
can be used to construct nearly optimal packing CDCs. However, Lemma [9] indicates that for any lifting 
of a rank metric code, there exists a subspace at distance r from the code. Hence, adding this subspace 
to the code leads to a supercode with higher cardinality and the same minimum distance since d < r. 
Thus an optimal CDC cannot be designed from a lifting of a rank metric code. 

Although liftings of rank metric codes have poor covering properties, below we construct a class of 
covering CDCs by using permuted liftings of rank metric covering codes. We thus relate the minimum 
cardinality of a covering CDC to that of a covering code with the rank metric. For all n and r, we denote 
the set of subsets of {0, 1, . . . , n- 1} with cardinality r as S r n . For all J G S r n and all C G GF(q) rx( - n ~ r \ 
let I(J, C) = R(ir(I r \C)) G E r (q,n), where tt is the permutation of {0, 1, . . . , n — 1} satisfying J = 
{7r(0), 7r(l), . . . , 7r(r - 1)}, n(0) < tt(1) < . . . < 7r(r - 1), and n(r) < ir(r + 1) < . . . < 7r(n - 1). We 
remark that n is uniquely determined by J. It is easily shown that d T (I(J, C), J(J, D)) = d R (C,~D) for 
all J G S r n and all C,D G GF(q) rx ( n - r l 

Proposition 12: For all q, n, r < and < p < r, K c (q,n,r, p) < (™)K R (q n ~ r ,r, p). 

Proof: Let C C GF(g) rx ( n " r ) have rank covering radius p and cardinality K R (q n r ,r,p). We show 
below that L(C) = {I (J, C) : J G S r n , C G C} is a CDC with covering radius p. Any U G E r (q, n) can 
be expressed as I(J, V) for some J G and some V G GF(q) rx( - n ~ r \ Also, by definition, there exists 
C G C such that d R (C,V) < p and hence di(U,I(J, C)) = d R (C,V) < p. Thus L(C) has covering 
radius p and cardinality < (™)K R (q n ~ r ,r, p). ■ 

It is shown in [25] that for r < n — r, K R (q n ~ r ,r, p) is on the order of q r ( n ~ r )~' 5 ( n_ ^), which is 
also the order of K c (q,n,r, p). The bound in Proposition [T2l is relatively tighter for large q since (") is 
independent of q. 
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Appendix 



A. Proof of Proposition |4] 

Before proving Proposition HI we introduce some useful notations. For < d < r, we denote Ud = 



We also denote the set of all generator matrices of all subspaces in B u (Uq) nB s (Ud) as F(u, s, d), hence 



Lemma 10: Let X = (A|B) G GF(q) rxn , where A and B have r and n — r columns, respectively. 
Furthermore, we denote A = (Ai|a|A2) and B = (Bi|b|B2), where a and b are the d-th columns of 
A and B, respectively. Then X G F(u, s, d) if and only if rk(X) = r, rk(B) < u, and rk(Bi — Ai|b — 
a|B 2 ) < s. 

Proof: First, X is the generator matrix of some V G E r (q,n) if and only if rk(X) = r. Also, it is 
easily shown that d,(V, U ) = rk(B) and d^V, U d ) = rk(B- AP d ) = rk(B 1 - Ai|b-a|B 2 ). Therefore, 
X G F(u, s, d) if and only if rk(X) = r, rk(B) < u, and rk(Bi - Ai |b - a|B 2 ) < s. ■ 
We now give the proof of Proposition HI 

Proof: It suffices to show that I c (u, s, d) < I c (u, s,d—l) for any d > 1. We do so by first defining 
a mapping (j) from F(u, s, d) to F(u, s, d — 1) and then proving it is injective. Let X G F(u, s, d), then 
by Lemma [TOl rk(X) = r, rk(B) < u, and rk(Bi — Ai|b — a|B 2 ) < s. Since the mapping 4> only 
modifies b, we shall denote <p(X.) = Y = (A|Bi|c|B 2 ). We hence have to show that rk(Y) = r, 
rk(Bijc|B 2 ) < u, and rk(Bi — Ai[c|B 2 ) < s. We need to distinguish three cases. 

• Case I: rk(Bi — Ai|B 2 ) < s — 1. In this case, c = b. Note that rk(Y) = r, rk(B) < u, and 
rk(Bi - Ai|c[B 2 ) < rk(Bi - Ai|B 2 ) + 1 < s. 

• Case II: rk(Bi - Ai|B 2 ) = s and rk(Bi|B 2 ) < u- 1. In this case, c = b-a. Note that rk(Y) = r, 
rk(Bi|c|B 2 ) < rk(B) + 1 < u, and rk(Bi - Ai[c|B 2 ) = rk(Bi - A x |b - a|B 2 ) = s. 

• Case III: rk(Bi — Ai|B 2 ) = s and rk(Bi[B 2 ) = u. We denote the column space of a matrix D 
as C(D). We have b - a G C(B 1 - Ai|B 2 ) and b G C(Bi|B 2 ). Hence a G C(Bi|B 2 |Bi - Ai). 
Denoting C(Bi|B 2 |Bi — Ai) = C(Bi|B 2 ) (BS, where S is a fixed subspace of C(Bi — Ai), a can 
be uniquely expressed as a = r + s, where r G C(Bi |B 2 ) and s G S. In this case, c = b — r. Since 
b G C(Bi|B 2 ), rk(X) = rk(A|Bi|B 2 ) = r = rk(Y). Also, since c G C7(B 1 |B 2 ), rk(Bi|c|B 2 ) = 
rk(Bi|B 2 ) = u. Finally, c = b- a + sG C(B 1 - Ai|B 2 ), therefore rk(Bi - Ai[c|B 2 ) = s. 

It is easy to show that <j) is injective. Therefore, \F(u,s,d)\ < \F(u, s, d — 1)| and I c (u,s,d) < 
I c (u,s,d-1). m 



R(I r \Pd) G E r (q,n), where P d 




G GF(q) rx ( n ~ r \ hence d^Uo, U d ) = d for all < d < r. 



F(u,s 



d)\ = I c (u,s 



<on£oV-9*). 
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B. Proof of Proposition [7| 

We adapt below the notations in [31], [33] to the injection metric for CDCs. For all V C E r (q,n) 

def 

and a CDC C C E r (q,n) with covering radius p, the excess on 1/ by C is defined to be Eq(V) = 
X^ceC l-^p(C) n ^1 ~~ 1^1- Hence if {Wi} is a family of disjoint subsets of E r (q, n), then Eq (|Ji Wt) = 

def 

X)i-^c(Wi)- We define Z = {Z £ E r (q,n) : Eq{{Z}) > 1}, i.e., Z is the set of subspaces covered by 
at least two codewords in C. It follows that \Z\ < E C (Z) = E c (E r (q,n)) = \C\V c (p) - ["]. 

Before proving Proposition |7J we need the following adaptation of [31, Lemma 8]. Let C be a code 

def 

in E r (q,n) with covering radius p. We define A = {U G E r (q,n) : di(U,C) = p}. 
Lemma 11: For J7 € and < p < r, we have Ec{Bi(U)) > e. 

Proo/- Since U ^ Z, there is a unique C G C such that (^({7, Co) = p. We have |-B p (Co)ri-Bi(£7)| = 
I c (p, 1, p) = Jc(p> 0, p) + «/c(P) 1) p) + <^c(p — 1) 1, p) = 1 + a p + c p . For any codeword Ci G C satisfying 
dJJJ,Ci) = p + 1, by Lemma |5] we have |-B p (Ci) D-Bi(?7)| = J c (p, l,p+ 1) = c p+i . Finally, for 
all other codewords C2 G C at distance > p + 1 from £/, we have |5 p (C2) n B\(U)\ = 0. Denoting 
N = \{C\ G C : t£(E7, Ci) = p + 1}|, we obtain 



= 1 + a p + c p + iVc p+1 - iVc(l) - 1 = -b p + iVc p+ i 
= -bp mod c p+i . 

The proof is completed by realizing that — b p < 0, while Ec{B\{U)) is a non-negative integer. ■ 
We now establish a key lemma. 

Lemma 12: If Z G Z and < p < r, then \A n < V^(l) - c p . 

Proo/: By definition of p, there exists C G C such that d x {Z,C) < p. By Proposition H \Bi(Z) n 
£? p _i(C)| > c p , with equality achieved for d Y {Z,C) = p. A subspace at distance < p — 1 from any 
codeword does not belong to A. Therefore, B\{Z) n £ p _i(C) C and hence |>lnBi(Z)| = 

|5i(z)| - |Si(z)\^| < y c (i) - \Bi(z) n b p _i(C)|. ■ 

We now give a proof of Proposition |7J 

Proof: For a code C with covering radius p and e > 1, 



7 



def 




?? 












r 



c|y c (p-i) -(6-1) |c|y c (p) 



(9) 



/? 

r 

< e\A\-(e-l)\Z\ (10) 

< e\A\ - (e- l)\AnZ\ = e\A\Z\ + \AnZ\, 
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where flO]) follows from \Z\ < \C\V c {p) - [™] . 



7 < Yl E C (B 1 (A))+ E c (Bi(A)) 



(11) 




= E Ec{Bi(A)), 



where £[]} follows from Lemma [TT1 and |„4 n Z\ < E c (An Z). 



7 < E E 



(12) 



Ae^(7e-Bi(A)n2 



= E E E C ({U}) = Y,\^B 1 {U)\E C {{U}) 



UeZAeB^nA uaz 



where (fT2l follows the fact that the second summation is over disjoint sets {U}. By Lemma [T2l we 
obtain 



C. Proof of Lemma\8\ 

Proof: Let C be a code in n— 1) with covering radius p— 1 and cardinality -Kc(os n— 1, r, p— 1). 
Define the code Ci C E r (q,n) as Ci = {i?(C|0) : R{C) G C}. For any U\ G E r (q,n) with generator 
matrix Ui = (U|u), where U G GF(g) rxn_1 and u G GF(g) rxl , we prove that there exists Ci G C\ 
generated by Ci = (C|0) such that di{C\, U\) < p. We remark that rk(U) is equal to either r or r — 1. 
First, if rk(U) = r, then there exists C G C such that rk(C T |U T ) < r + p—l. Second, if rk(U) = r — 1, 
then let Uo be r — 1 linearly independent rows of U. For any v G GF(g) n_1 , v ^ R(\Jq), there exists 
C G C such that r + p- 1 > rk(C T |U^[v T ) > rk(C T |U^) = rk(C T |U T ). Hence rk(Cf|Uf) < r + p 
and di(Ci, U\) < p. Thus Ci has covering radius at most p and hence K c (q,n, r, p) < K c (q, n— 1, r, p— 1), 
which applied p times yields K c (q,n,r, p) < K c (q,n — p,r,0) = [ n ~ p ]- 

Similarly, let V be a code in E r _i(q, n) with covering radius p— 1 and cardinality K c {q, n, r— 1, p— 1). 
Define the code Pi = {i?((D T |d T ) T ) : R(D) CP}e E r (q,n), where d G GF(g) n is chosen at random 



7 < E^(l)-c P )£c({£/}) 



= (V c (l)-c p )E c (Z) 




(13) 



Combining ( fT3l and (©, we obtain the bound in Proposition [7] 
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such that rk(D T |d T ) = r. We remark that |£>i| < \T>\. For any V\ G E r (q,n) with generator matrix 
Vi = (V T |v T ) T , there exists D\ G V 1 with generator matrix D x = (D T |d T ) T with rk(D T |V T ) < 
r + p — 2. Thus rk(Dj| Vj 1 ) < r + p and T>\ has covering radius at most p. Thus K c (q, n, r, p) < \V\ \ < 
K c (q, n, r — 1, p — 1) which applied p times yields K c (q, n, r, p) < K c (q, n, r — p, 0) = [ r ™ ] . ■ 

D. Proof of Proposition H] 

Proof: Denoting the set of all codes of cardinality K in E r (q,n) as Sk, we have \Sk\ = (^), 
where Q = [»] . For any code C G K we denote the number of subspaces in E r (q,n) at distance > p 
from C as P(C). The average value of P{£) for all codes C G Sjf is given by 

h E = ^ E E 1 

fyeE r (g,7i) 
di(U,C)>p 



1^1 fife, '^C-, ' . 



1 1 UeEJq,n) C€S K 

<h{U,C)>p 

Q - v c (p) 



1 1 UeE r (q,n) V 

g (Q-v c (p) 
\s K \ V ^ 

Eq. (fT4l comes from the fact that there are (^~]^ p ^) codes with cardinality K that do not cover U. 
For all K, there exists a code C G Sr- for which P(C) is no more than the average, i.e., P(C) < 
Q(Q)-\Q-V^)<Q(l-Q^ Vc {p)) K .VorK= ~ loRn( ' c(p)) +1, P(C) < Q (l - Q^V c (p)) K < 



1 and C has covering radius at most p. 



E. Proof of Proposition [70] 

Proof: The proof is by induction on k. First, an augmented KK code is a code with cardinality ko 
and minimum distance 2p + 1 for 2p < r, which hence leaves Uk Q subspaces uncovered; for 2p > r, a 
single codeword covers V c (p) subspaces. Second, suppose there exists a code with cardinality k which 
leaves exactly (u*. < u^) subspaces uncovered, and denote the set of uncovered subspaces as 14 . Let 
G be the graph where the vertex set is E T (q, n) and two vertices are adjacent if and only if their distance 
is at most p. Let A be the adjacency matrix of G and be the columns of A corresponding to 
14- There are VkV c (p) ones in A*,, distributed across |iV(T4)| rows, where iV(Vfc) is the neighborhood 
[34] of 14. By construction, N(Vk) does not contain any codeword, hence |iV(T4)| < [ n l — k. Also, by 
Lemma|6j |iV(T4)| < B c (vk,p) < B c (uk,p). Thus |iV(Vfc)| < min { [™] — k, B c (uk, p)} and there exists 
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ones in Adding the subspace corresponding to this row to 



mm 



{[;]-k,B c (u k ,p)\ 



VkVc(p) 



< u k+1 



subspaces uncovered. 
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